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Abstract
We show that an inverted pendulum that is balanced on a cart by state-dependent
delayed control may exhibit small chaotic motion about the upside-down position
while the velocity of the cart performs a random walk. In periodic windows asso-
ciated with this chaotic regime we ﬁnd periodic orbits of arbitrarily high period that
correspond to complex balancing motion of the pendulum with bounded velocity of
the cart. This result is obtained by studying homoclinic bifurcations of a reduced
three-dimensional vector ﬁeld near a triple-zero eigenvalue singularity.
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1 Introduction
Balancing a long stick is easier than balancing a short stick. This well-known
fact is due to the human reaction time which introduces the eﬀect of a time
delay into this control problem. This reaction time is about 100 ms for eye-
hand coordination [1], and the eﬀective delay time is longer the shorter the
stick. In fact, any stabilization scheme using state-dependent feedback control
will be adversely aﬀected by control loop latency, that is, a non-zero reaction
time between the measurement of the state of the system and the control
action. Delay-induced instabilities have been studied extensively in other sys-
tems with delay, for example, in coupled neurons [2,3], lasers subject to optical
feedback due to external reﬂections [4], and in milling processes [5].
We consider here the idealized model of balancing control, namely an inverted
planar pendulum on a moving cart that is stabilized by a state-dependent
control force D; see Fig. 1 and Sec. 2 for the mathematical details. Due to
Preprint submitted to Elsevier Science 8 December 2003
the latency of the control loop, the control force takes eﬀect only after some
ﬁxed delay τ . This leads to a mathematical description by a delay diﬀerential
equation (DDE) with an inﬁnite-dimensional phase space; see [6,7] as general
references to the theory of DDEs. The DDE is symmetric with respect to
reﬂection at the origin, the upside-down position of the pendulum, due to the
reﬂection symmetry of the pendulum. Perfect control is achieved when the
upside-down position is stable, while the cart moves with constant velocity.
(This velocity at the stable limit can be brought to zero by choosing a suitable
initial condition or by introducing a small amount of damping.)
Linear stability analysis shows that there is a region in the parameter space of
the controller where perfect control can be achieved, provided the delay τ is not
too large [8]. Furthermore, stability is generally lost in a Hopf bifurcation. It is
possible to compute the criticality of this Hopf bifurcation, which gives a ﬁrst
idea of how the system behaves beyond the stability boundary [8–10]. If the
Hopf bifurcation is supercritial then the pendulum performs (initially) small
oscillations about the upside-down position but with ﬁnite velocity of the cart.
Such small oscillations have been observed in experiments [10]. They are an
example of a relaxed form of stabilization that we call balancing motion (much
like what actually happens when you balance a stick). Such a balancing motion
is stable and bounded around the upside-down position while the velocity of
the cart is also bounded. The question arises whether there are more complex
balancing motions apart from perfect stabilization and simple oscillations after
the ﬁrst Hopf bifurcation. Mathematically, such balancing motion corresponds
to a symmetric attractor of the system with bounded velocity of the cart.
Computer-based balancing experiments have shown chaotic balancing motions
with small amplitudes, referred to as micro chaos [11]. However, this dynamics
is due to discontinuities associated with digital sampling in time and space.
Consequently, the results in Ref. [11] left the question still open whether com-
plex balancing motions are possible entirely within the scope of the standard
(smooth) model for a controlled inverted pendulum.
Bifurcation analysis shows that any such solution, if it exists, cannot be found
by simply following the bifurcations of the initial symmetric periodic orbits
[12]. In particular, the simple oscillations disappear in a symmetry breaking bi-
furcation (pitchfork bifurcation of periodic orbits), which results in a complete
loss of control [8,12]. There are now two (symmetrically related) periodic or-
bits. Each of these nonsymmetric periodic orbits corresponds to the pendulum
wanting to fall to one side, which the controller will attempt to compensate
for by increasing the velocity of the cart. Hence, the parameter region where
nonsymmetric regimes are prevalent is typically not regarded as physically
relevant.
In this paper we show that complex balancing motions of the inverted pen-
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dulum exist inside this parameter region associated with pairs of nonsymmet-
ric attractors. We ﬁnd bounded symmetric chaotic motion of the pendulum
around its upside-down position. This motion consists of long stretches where
the pendulum is about to fall over to one side and the cart speeds up to com-
pensate, following by another stretch where the pendulum is about to fall over
to the other side and the cart reverses direction. The velocity of the cart per-
forms a random walk in this case, hence it will eventually leave any bounded
region. In other words, this chaotic motion is not balancing according to our
deﬁnition requiring bounded velocity of the cart. However, we ﬁnd stable sym-
metric periodic orbits of arbitrarily large period (but with bounded velocity of
the cart) corresponding to complex balancing motion. The parameter islands
where these balancing motions occur, so-called periodic windows in the pa-
rameter space, are not connected to the primary family of symmetric periodic
orbits that emerged from the Hopf bifurcation.
We obtain these results by considering a three-dimensional vector ﬁeld, de-
rived and studied in Ref. [12], decribing the dyamics on the center manifold
reduction of the system near a codimension-three triple-zero eigenvalue bifur-
cation. Starting from the basic bifurcation diagram presented in Ref. [12] we
consider the parameter region where the primary symmetric periodic orbit is
of saddle type. After the reduction to a (symmetric) local Poincare´ map, this
symmetric periodic orbit corresponds to a symmetric saddle ﬁxed point with
one-dimensional stable and unstable manifolds. Well established numerical
algorithms [13] allow us to locate a ﬁrst quadratic tangency of these mani-
folds. Then, the existence of inﬁnitely many stable symmetric periodic orbits
of arbitrarily large period follows from general statements on homoclinic tan-
gencies [14] in two-dimensional maps. Furthermore, the pair of nonsymmetric
attractors merges and forms a single symmetric chaotic attractor in a cri-
sis bifurcation [15]. That these theoretical results are indeed of relevance for
the original control system is demonstrated by showing examples of merging
chaotic attractors and symmetric periodic orbits of long period in the full
DDE.
The mechanism we describe in this paper is not speciﬁc to our particular
model system, but is directly associated with the symmetric triple-zero singu-
larity. One must expect crisis bifurcations and complicated symmetric attrac-
tors in any system that features this singularity. Interestingly, the triple-zero
singularity appears to be prevalent when a control loop controlling a saddle
equlibrium is subject to delay. For example, Ref. [16] investigated the inverted
pendulum subject to a PMD (proportinal minus delay) controller and found
the same singularity when increasing the control loop latency.
The paper is organised as follows. We ﬁrst introduce the details of the mathe-
matical model in Sec. 2 and then brieﬂy recall in Sec. 3 the bifurcation diagram
of the reduced three-dimensional vector ﬁeld model near the triple-zero eigen-
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Fig. 1. Sketch of the inverted pendulum on a cart.
value bifurcation from Ref. [12]. In Sec. 4 we show that there are complex
symmetric dynamics in the reduced model, and in Sec. 5 we give examples of
complex balancing motion in the full control system. Finally, we conclude and
point to some open problems.
2 Model equations
The dynamics of the setup in Fig. 1 are governed by the second-order diﬀeren-
tial equation for the angular displacement θ of the tip of the pendulum, which
can be written in dimensionless form as(
1− 3m
4
cos2 θ
)
θ¨ +
3m
8
θ˙2 sin(2θ)− (sin θ + D cos θ) = 0. (1)
Here m is the mass of the uniform pendulum, 1 −m is the mass of the cart,
and D is the horizontal rescaled driving force. Due to the recscaling, time is
measured in units of
√
2L/(3g), where L is the length of the pendulum and
g is the gravity. Because friction is not taken into account, the equation of
motion for the displacement δ of the cart is decoupled from (1):
δ¨(t) = L
m
2
sin θθ˙2 + 2
3
D − m
4
sin(2θ)
1− 3m
4
cos2 θ
. (2)
The force D is applied as a feedback control depending on the state of the
system with the goal of stabilizing the pendulum at its upright position, which
is θ = 0. The feedback control force D is a function of the state of the system
at some ﬁxed time τ ago, where τ is the latency of the overall system. We
study the case of a linear PD (proportional plus derivative) control force
D(t) = −aθ(t − τ)− bθ˙(t− τ) (3)
which is given by the control gains a and b, and features the single ﬁxed delay
time τ > 0 in the controller.
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By rescaling time and angular velocity the delay can be scaled to 1, and
equation (1) can be written as the DDE
x˙(t) = f(x(t), x(t− 1), λ) (4)
where the right-hand-side f : R2 ×R2 × R3 → R2 has the form
f1(x, y, λ) = x2
f2(x, y, λ) =
−3
8
m sin(2x1)x
2
2 + τ
2 sin x1 − cosx1(τ 2ay1 + τby2)
1− 3
4
m cos2 x1
.
(5)
Because f is odd, that is,
f(−x,−y, λ) = −f(x, y, λ) (6)
the system has the symmetry of reﬂection in the origin. Consequently, the ori-
gin 0 is always an equilibrium, and any solution of (4)–(5) is either symmetric
under this symmetry or it is nonsymmetric and its image under reﬂection in
the origin is also a solution.
3 Center manifold reduction
In this section we summarize the results of the bifurcation analysis of a three-
dimensional vector ﬁeld reduction of (4)–(5) on the center manifold of a triple-
zero singularity. Further details can be found in Ref. [12].
The linear stability analysis of the origin 0 depending on the parameters a, b,
and τ has been performed already in Ref. [8]. There is a bounded region of
stability of 0 in the (a, b)-plane if τ ∈ (0, τ∗) where
τ∗ =
1
2
√
8− 6m
is the maximal permissible delay for stability. For τ → τ∗ the region of linear
stability shrinks to the point a = 1, b = τ∗ and the origin 0 has a triple-
zero eigenvalue singularity. At this point λ∗ = (1, τ∗, τ∗) the linearization of
the origin has an eigenvalue 0 with algebraic multiplicity three and geometric
multiplicity one.
In Ref. [12] we proved that the ﬂow of system (4)–(5) on the local center
manifold close to this singularity is governed by the three-dimensional vector
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ﬁeld 

u˙1
u˙2
u˙3

 =


0 1 0
0 0 1
−α γ β




u1
u2
u3

+


0
0
u31

+ r
2R(u, µ, r) (7)
where the u = (u1, u2, u3) ∈ R3 is a new ‘magniﬁed’ variable on the center
subspace, R is a smooth function of its arguments and r is a small scaling
parameter. Further, µ = (α, β, γ) ∈ R3 is an unfolding parameter of the
singularity, deﬁned by
a = 1 + α
1
3
r6, b = τ∗ + β
τ∗
3
r2, τ = b + γ
τ∗
3
r4, (8)
and time has been rescaled by setting told = r
2tnew.
We now consider the truncated system, equation (7) with r = 0. Any hyper-
bolic equilibrium, periodic orbit, or normally hyperbolic invariant manifold in
the truncated system persists under the small perturbation of r2R, and, hence,
exists in the full DDE (4)–(5) for suﬃciently small r and for the parameters
obtained by (8).
Figure 2 shows a summary of the results of the bifurcation analysis of the
reduced system (7) obtained by linear stability analysis in combination with
numerical continuation of periodic orbits using AUTO [17]. As the truncated
system (7) has cone structure one can restrict the continuation to the pa-
rameter sphere α2 + β2 + γ2 = 1, which we parametrize by ϕ and ψ given
by
α = sin
π
2
ϕ, β = cos
π
2
ϕ cos 2πψ, γ = cos
π
2
ϕ sin 2πψ. (9)
The region marked by I in Fig. 2 is the region of linear stability of 0. In the
region marked by II there is a family of stable symmetric periodic orbits bifur-
cating from the Hopf bifurcation at 0. These periodic oscillations around the
upside-down position were found in experiments in Ref. [10]. Indeed, there
is only one two-parameter family of symmetric periodic orbits that is con-
nected to the origin. It exists in a bounded region of the (ϕ, ψ)-plane. Its left
boundary is the symmetric Hopf bifurcation of 0, the S-shaped solid curve
connecting the points DZ−, PH and DZ+ in Fig. 2. (Note that there is also
a Hopf curve of the nonsymmetric saddles between PH and DZ+.) The right
boundary is formed by global bifurcations in which the symmetric periodic
orbit disappears, namely the dashed curves in Fig. 2. Along the dashed curve
between DZ− and HC there is a heteroclinic connection between the pair of
nonsymmetric saddles. Along the dashed curve connecting DZ+ and HC a
homoclinic ﬁgure-eight shaped connection to 0 exists. Throughout the entire
region of their existence, the symmetric periodic orbits undergo only saddle-
node bifurcations and pitchfork bifurcations, where they lose their stability
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Fig. 2. Bifurcation diagram of the truncated system, system (7) for r = 0. The
shaded area of the diagram is shown in more detail in Fig. 5.
to a branch of nonsymmetric periodic orbits. Consequently, this primary fam-
ily of symmetric periodic orbits is the only non-trivial symmetric balancing
regime that is ‘connected’ to the origin in the parameter plane, meaning that
it can be found by continuation from 0.
4 Complex symmetric motion in the reduced system
The question whether there are other stable symmetric regimes, periodic or
otherwise, of the truncated system (7) was already posed in Ref. [12]. As we
show now, such symmetric attractors indeed exist.
The coexisting stable pair of nonsymmetric periodic orbits that branches from
the primary symmetric periodic orbit at the pitchfork bifurcation (the dot-
dashed boundary of region II in Figure 2) undergoes a period doubling bifur-
cation along the dot-dot-dashed closed curve. This is the ﬁrst in an inﬁnite
7
1-1
.8
.8
−1
−0.8
0.8 (a)
−11 11-1
.8
.8
u2
u1 u1
(b)
Fig. 3. One of the two coexisting nonsymmetric attractors for (ϕ,ψ) = (0.4, 0.6958)
(a) and the symmetric attractor for (ϕ,ψ) = (0.4, 0.6966) (b) as observed in a
simulation of the truncated system, (7) with r = 0. The intersections of the grey
trajectories with the plane {u3 = 0} are shown as black dots.
sequence of period doubings leading to a pair of nonsymmetric chaotic attrac-
tors. Figure 3 shows two attractors in projection onto the (u1, u2)-plane for
nearby parameter values inside the period doubling island, obtained by simu-
lations of the truncated system, (7) for r = 0. While Fig. 3 (a) shows one of
the two nonsymmetric chaotic attractors, Fig. 3 (b) shows a bigger symmetric
chaotic attractor. It is created in a crisis bifurcation [18] that ‘merges’ the two
nonsymmetric attractors. Roughly speaking, the attractor in panel (b) can
be obtained by overlaying that in panel (a) with its symmetric counterpart,
obtained by rotating panel (a) by π. Also shown in Fig. 3 are the intersection
points (in black) of the attractors with the plane {u3 = 0}. Each attractor
intersects this plane in two locations, one for positive and one for negative
u2. The symmetric attractor in this section in Fig. 3 (b) consists of the two
nonsymmetric pieces of the nonsymmetric attractor in Fig. 3 (a).
We will now give a more precise statement about this mechanism in terms of
a homoclinic bifurcation of the Poincare´ map to a section, which we choose to
be {u3 = 0}. This will also allow us to show that stable symmetric periodic
orbits exist near symmetric chaotic attractors in so-called periodic windows.
These symmetric periodic orbits correspond to complex balancing motion of
the pendulum.
As was shown in Fig. 3 the attractors intersect the section {u3 = 0} transver-
sally and in two distinct regions. We deﬁne by Π the return map of the ﬂow of
the truncated system (7) from each of these regions back to the same region.
In other words, the map Π is deﬁned as the second return to the section. The
primary symmetric periodic orbit intersects the section in two points transver-
sally along the curve of pitchfork bifurcations; see Fig. 2. Hence, the Poincare´
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map Π is a well deﬁned two-dimensional diﬀeomorphism in its domain of de-
ﬁnition, the two regions as deﬁned above. (Note that Π cannot be extended
to a global Poincare´ map on the entire plane {u3 = 0}.) Because the section
{u3 = 0} was chosen to contain the origin, the map Π inherits the odd sym-
metry (6) from the ﬂow. Consequently, we can concentrate on Π in one of
the two regions, say, on that for negative u2. In this region there is a unique
ﬁxed point S corresponding to the primary symmetric periodic orbit. After
the pitchfork bifurcation (to the right of the dot-dashed curve in Fig. 2) S
is a saddle with eigenvalues Λ1 and Λ2 satisfying 0 < Λ2 < Λ1Λ2 < 1 < Λ1.
Hence, it has one-dimensional stable and unstable invariant manifolds, W s(S)
and W u(S), respectively.
To show that these manifolds undergo a ﬁrst quadratic homoclinic tangency
we compute appropriate ﬁnite parts of these manifolds up to a prescribed
accuracy. We use the algorithm from Refs. [13,19] in the form of an extension
module [20] that works as part of the Tcl/TK version of the package DsTool
[21]. The return map Π is computed by integration of the vector ﬁeld with a
Runge-Kutta fourth order discretization.
Figure 4 shows conclusive evidence that there is indeed a ﬁrst quadratic tan-
gency, which is crossed with positive velocity under variation of the parameter
ψ. Panels (a) to (c) show the ﬁxed point S, one side of its stable manifold
W s(S) and both sides of its unstable manifold W u(S) for ﬁxed ϕ = 0.4 and
three diﬀerent, but close values of ψ. Clearly, W s(S) and W u(S) do not in-
tersect in panel (a), but do intersect in panel (c). Because ﬁnite initial pieces
of these manifolds depend smoothly on parameters, these numerical results
provide accurate evidence that a ﬁrst tangency exists and where it is located.
Panel (b) shows the approximate moment of tangency. Figure 4 (d) is the
result of a long-time simulation of Π (after discarding transients) showing an
attractor resembling the closure of both parts of W u(S) for the same param-
eter values as Fig. 4 (c).
The importance of the ﬁrst tangency is that it corresponds to an attractor
crisis that creates a single symmetric chaotic attractor of Π by merging two
smaller nonsymmetric chaotic attractors. Before the tangency there are two
distinct chaotic attractors of Π, one on each side of the shown branch of
W s(S), consisting of the closure of the respective branch of W u(S). However,
after the tangency it is possible to pass from one side of W s(S) to the other.
This mechanism creates a single attractor and is often referred to as a crisis
bifurcation [18]. More speciﬁcally, this is a symmetry-restoring (interior) crisis
in which two symmetrically related attractors hit the boundary of their basin
of attraction simultaneously and merge. It occurs if W u(S) and W s(S) have a
homoclinic tangency and the union of the nonsymmetric attractors are equal to
the closure of the whole unstable manifold W u(S) at the moment of tangency.
This phenomenon was classiﬁed as intermittent switching in Ref. [15]. It was
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Fig. 4. Unstable and stable manifolds of S for the map Π at the parameter values
ϕ = 0.4, (a) ψ = 0.6950, (b) ψ = 0.6958, and (c) ψ = 0.6966. Panel (d) shows
the result of a long term simulation of Π for ψ = 0.6966, corresponding to the
arrangement of the invariant manifolds in panel (c).
observed for expample in Ref. [22] in a DDE model (also with Z2-symmetry)
of a laser with phase-conjugate feedback.
The dynamics on the symmetric chaotic attractor follow one of the two sub-
parts for a long time before crossing W u(S) to then follow the other part,
before switching back, and so on. This corresponds to the inverted pendulum
making small chaotic oscillations while leaning to one side at a time. The pen-
dulum does not fall over because the controller compensates by increasing the
velocity of the cart, then changing direction and so on. In other words, the
velocity of the cart performs a random walk.
To make rigorous statements about the existence of complicated symmetric
periodic orbits of Π in the vicinity of the homoclinic tangency we perform a
symmetry reduction for Π as follows. Let us denote by Π̂ the ﬁrst ﬁrst-return
to the section composed with the symmetry operation of rotation by π. Then
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Π̂ is a diﬀeomorphism in the same domain of deﬁnition as Π, but it does not
have reﬂectional symmetry in the origin. In particular, the map Π̂ satisﬁes
(
Π̂
)2
= Π̂ ◦ Π̂ = Π.
This means that symmetric periodic orbits of Π correpond to periodic orbits of
Π̂ with odd period. Similarly, nonsymmetric periodic orbits of Π are periodic
orbits of even period of Π̂.
In particular, S is a ﬁxed point, that is, a point of odd period of Π̂. The
pitchfork bifurcation of S for Π corresponds to a period doubling bifurcation
of S for Π̂. After this period doubling, S is a saddle ﬁxed point of Π̂. The
one-dimensional stable and unstable invariant manifolds of S with respect to
Π̂ and Π are identical. Thus, we denote them by W u(S) and W s(S) for Π̂ as
well.
The existence of the quadratic tangency of W u(S) and W s(S) allows us to
apply the well-established theory of homoclinic tangencies in two-dimensional
diﬀeomorphisms; see, for example, Ref. [14]. The saddle value of S in for the
parameter values of Fig. 4(c) is less than 1, that is, the eigenvalues Λj (j = 1, 2)
of π̂ at S satisfy the relation
Λ1 < −1 < Λ1Λ2 < 0 < Λ2 < 1. (10)
The following lemma is an immediate consequence of the general theoretical
results [14] for two-dimensional diﬀeomorphisms close to homoclinic tangencies
for saddle ﬁxed points satisfying relation (10).
Lemma 1 Close to the homoclinic tangency there exist infinitely many open
sets of parameters ψ where the map Π̂ has stable periodic orbits with odd
period.
Indeed, the general results are much deeper stating that there exist inﬁnitely
many stable periodic orbits simultaneously for residual sets in the so called
Newhouse regions of the parameter space. We remark that [14] assumes that
the map is orientation preserving, which Π̂ is not. However, this assumption
is not actually necessary for the construction of the stable periodic orbits.
Although these periodic orbits typically have a large period and a small basin
of attraction, they are robust with respect to small perturbations of the map.
Hence, they exist as symmetric periodic orbits in the non-truncated system
(7) and in the full DDE system (4)–(5) as well. Any of these periodic orbits
corresponds to a symmetric small-amplitude regime in (4)–(5) with a periodic
and, hence, bounded velocity of the cart. In other words, we have found many
balancing motions of the inverted pendulum that are given by these more
complex symmetric periodic orbits.
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Fig. 5. Curve of homoclinic tangency and the region of stable symmetric attractors
in the bifurcation diagram. The arrow shows the line along which we chose the
parameter values for Figs. 3, 4 and 6.
The homoclinic tangency of Π (and Π̂) to S forms a smooth curve in the
(ϕ, ψ)-plane that is robust with respect to small perturbations, for example,
small nonzero r in (7) or numerical errors. In Figure 5 we have added as a
solid black polyon an approximation of the curve of homoclinic tangency to
S to the bifurcation diagram. The corners of this polygon have been found
by identifying the ﬁrst homoclinic tangency up to 4 digits in ϕ and ψ. Since
the saddle value of S is negative along the whole curve, Lemma 1 implies
that there exist many regions near the curve of homoclinic tangency where
symmetric stable periodic orbits exist.
If the nonsymmetric attractors of Π are equal to the closure of the whole
unstable manifold W u(S) at the curve of homoclinic tangency, one observes
an attractor crisis [18] as depicted in Fig. 3 and Fig. 4(d). This deﬁnes one
boundary of the region in the (ϕ, ψ)-plane where chaotic symmetric attractors
may occur. A numerical approximation of this region is hatched in Fig. 5. Its
other boundary is deﬁned by the occurence of a pair of (symmetrically re-
lated) heteroclinic tangencies between S and the pair of nonsymmetric saddle
equilibria E± = (±
√
sin(πϕ/2), 0, 0) of the truncated system (7). The saddles
E± both have a two-dimensional stable manifold W s(E±). The intersections
of these stable manifolds with the plane {u3 = 0} generically are curves that
establish the boundary between bounded dynamics of Π and escape to inﬁnity.
Consequently, a tangency between W u(S) and W s(E+) (and simultaneously
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between W u(S) and W s(E−)) is a codimension-one bifurcation that deﬁnes the
boundary of the parameter region where Π can have stable bounded regimes.
The heteroclinic tangency forms a smooth curve in the (ϕ, ψ)-plane, which we
approximated by the thick gray polygon in Figure 5. The corners were found
by checking the boundedness of a numerical trajectory over large integration
times. We started simulations in the vicinity of the nonsymmetric ﬁxed points
of Π and checked whether the orbit escapes to inﬁnity within 15000 iterates
of Π. (Note that the return map Π is not well deﬁned near the saddles E±, so
that algorithms for computing one-dimensional manifolds cannot be readily
applied.)
We remark that, at the moment of the homoclinic tangency, the (chaotic)
nonsymmetric attractors may be substantially smaller than the closure of the
unstable manifold W u(S). In this case, there is no attractor crisis at the tan-
gency, but a change in the basin of attraction of the nonsymmetric attractor
(also referred to as a basin boundary metamorphosis [18]). This happens along
the part of the black solid tangency curve in Fig. 5 that does not bound the
shaded region, to the left of the codimension-two point where the black and
grey curves meet. (This point appears to be what is known as a double crisis
vertex [23] in systems without symmetry.) In fact, the tangency curve even
crosses the period doubling curve (for ϕ < 0.25), so that the homoclinic tan-
gency takes place when the two nonsymmetric ﬁxed points of Π are stable.
5 Complex symmetric motion in the full DDE system
The center manifold reduction performed in Ref. [12] guarantees that all phe-
nomena observed in the truncated system (7) that are robust with respect
to small perturbations are also present in the full DDE system (4)–(5). Fur-
thermore, in Ref. [12] we could establish a very good quantitative agreement
between the bifurcation diagrams of the truncated system and that of the full
DDE system even quite far away from the triple-zero singularity. On the other
hand, symmetric chaotic attractors of Π are not robust in this sense, and
the complex stable symmetric periodic orbits, while being robust according
to Lemma 1, may have extremely small bassins of attraction and are typi-
cally diﬃcult to ﬁnd. Hence, the question arises whether we can observe the
phenomena described in section 4 in the full DDE system (4)–(5) as well.
To conﬁrm this, we set the scaling parameter to r = 0.5 and the mass of
the pendulum to m = 0. (Note that m only enters in the formula for τ ∗.) To
convert the parameters ϕ and ψ back to the original parameters a, b, and τ we
use the scaling (8). We simulate the full DDE system (2), (4)–(5) for x and δ
using a 4th-order ﬁxed step Adams-Bashforth method with a stepsize of 0.05.
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Fig. 6. Simulation results for DDE system (4)–(5) with m = 0 demonstrating the
transition to symmetric attractors. The upper row shows the projection into the
(x1, x2)-plane, the lower row shows the time trace of the velocity of the cart δ˙.
Parameter values are ϕ = 0.4 and ψ = 0.702 for (a), (b), ψ = 0.705 for (c), (d), and
ψ = 0.71 for (e), (f).
Figure 6 shows simulation results for three diﬀerent parameter values near
(ϕ, ψ) = (0.4, 0.7), after discarding a transient of duration 5000. Three diﬀer-
ent regimes are shown in the (x(t), x˙(t))-projection in the ﬁrst column and as
the corresponding time proﬁle of the cart velocity δ˙(t) in the second column.
Panel (a) shows a nonsymmetric chaotic attractor, which does not correspond
to successful balancing since |δ˙(t)| increases on average according to panel
(b). Panel (c) shows a complicated symmetric periodic orbit. It corresponds
to successful balancing motion because δ˙(t) remains bounded as can be seen
from panel (d). Finally, panel (e) shows a symmetric chaotic attractor, for
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which the cart velocity performs a random walk with a constant mean; see
panel (f). The velocity will eventually leave any bounded region. In summary,
Fig. 6 shows that the symmetric attractors that exist in the reduced system
according to Lemma 1 can indeed be found in numerical simulations of the full
DDE. In particular, complex balancing motion due to complicated symmetric
periodic orbits exists even quite far away from the triple-zero singularity.
6 Discussion and conclusions
The controlled inverted pendulum is a model case for investigating nonlinear
phenomena due to delay-induced instabilities. Previous [1,8,16] and recent
[10,12] studies considered the linear stability of the origin and found a primary
family of small-scale (symmetric) periodic balancing motions branching oﬀ
in a Hopf bifurcation. The results presented in this paper show that more
complex balancing motions are possible and supported even by the simplest
possible model for pendulum motion with control. The basic mechanism for
this behavior is a homoclinic tangency of the primary symmetric periodic orbit,
allowing two nonsymmetric attractors to collide and form a bigger symmetric
attractor. Since this mechanism was found in the truncated normal form of the
symmetric triple-zero singularity it is not speciﬁc to the inverted pendulum
with a delayed PD controller that we studied in this paper. Indeed we expect
the emergence of complex symmetric attractors in many other systems — in
particular, in other symmetric control problems with delay.
A characteristic feature of the complex balancing motions described in this
paper is that they are located in islands in the parameter space that are
isolated from the stability regions of the origin and the primary periodic orbits.
While some of these islands may be big enough to be accessible experimentally,
they will be diﬃcult to ﬁnd experimentally (it was already diﬃcult to ﬁnd them
in the model) because they cannot simply be reached by following a known
solution under variation of a parameter. Finding complex balancing regimes
in an experiment is a challenging open problem.
A related open question is whether the more complex phenomena described
in this paper and in Ref. [12] can also be found in more realistic balancing
models. For example, the model compared with the experiments in Ref. [10]
included viscous friction and a component of the control force D depending
on the displacement δ and the velocity δ˙ of the cart (in order to keep δ near
0). This is an interesting and challenging question because even small friction
and a weak dependence of D on δ and δ˙ are singular perturbations of (1)–(2).
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